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Abstract 

We develop a perturbative expansion of quantum Liouville theory on the pseu- 
dosphere around the background generated by heavy charges. Explicit results are 
presented for the one and two point functions corresponding to the summation of 
infinite classes of standard perturbative graphs. The results are compared to the one 
point function and to a special case of the two point function derived by Zamolod- 
chikov and Zamolodchikov in the bootstrap approach, finding complete agreement. 
A partial summation of the conformal block is also obtained. 
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Much interest has been devoted to the exact solutions of the conformal bootstrap 
equations for the Liouville theory on the pseudosphere [I], on the finite disk with confor- 
mally invariant boundary conditions [2 j and on the sphere jHlSE]- The first two solutions 
have given rise to the ZZ and FZZT branes. 

In this letter, we present a technique to treat the Liouville field theory on the pseu- 
dosphere, which allows to find an expansion in the coupling constant b of the N point 
functions in presence of "heavy charges" , according to the terminology introduced in [3] . 
This means that we consider the vertex operator V a (z) = e 2a ^ z ' with a = rj/b and 77 fixed 
in the semiclassical limit 6 — > 0. 

For the one point function, this analysis goes well beyond the previous perturbative ex- 
pansion performed in [U 113 El where a has been taken small; indeed, our result corresponds 
to the summation of an infinite class of perturbative graphs. Thus, we obtain a strong 
check of the ZZ bootstrap formula for the one point function [1 , which includes all the 
previous perturbative checks. 

We apply the same technique to compute the two point function with two heavy charges 
r) and e, to the first order in e, getting a closed expression of this correlator to the orders 
0(b~ 2 ) and 0(b°) included, but exact in 77 and in the 577(1, 1) invariant distance u be- 
tween the sources. According to an argument given by ZZ, such expression provides an 
expansion of a conformal block up to 0(b°) and to the first order in e, but to all orders 
in i] and uo. With more work, this technique can be extended to higher orders in b 2 and 
to more complicated correlation functions. 

We start from the Liouville action on the pseudosphere in presence of N sources char- 
acterized by heavy charges r]i,...,r]N, given in [Zj. Decomposing the Liouville field (ft as 
follows 

<P = ±- b (VB + 2b X ) (1) 

the Liouville action separates into a classical part, depending only on the background 
field (fg, and a quantum action for the quantum field \ 

Sa,n[<!>] = Sci[(p B ) +S q [(p B , x) ■ (2) 
Adopting the unit disk representation A = {z G C ; \z\ < 1} for the pseudosphere, these 
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where the function f c i(r, fib 2 ) is a subtraction term independent of the charges. The 
coupling constant b is related to the parameter Q occurring in the central charge c = 
1 +6Q 2 by Q = 1/6 + b Moreover, the classical field <p B obeys the following boundary 
conditions 

<p B {z) = - log (I- zz) 2 + f (fib 2 ) + ((I- zz) 2 ) when \z\ -> 1 (5) 
<p B (z) = - 2r/ n log | z - z n \ 2 + 0(1) when z — ► z n (6) 

where f{fib 2 ) is a function depending only on the product /z& 2 . The integration domains 
are A re = A , r \ IJ^Li In with A r = {|,z|<r<l}cA and 7„ = {\z — z n \ < e n }. Because 
of the boundary behavior of the Green function, that will be computed in the following, 
the last integral in the quantum action (j3J) does not contribute. 

The vanishing of the first variation of Sa [ (p B ] with respect to the field <p B satisfying © 
and © gives the Liouville equation in presence of N sources 
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At semiclassical level, we have 
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where S c i(rji, Z\\ . . . ;r] N , zjq) is the classical action Sd[<f B ] computed on the solution ip B 
of the Liouville equation with sources. Now, since under a SU(1, 1) transformation the 



2 



classical background field changes as follows 



if B {z) ► B {w) = if B {z) - log 



dw 2 
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dz 

one can see that the transformation law of S c i[(p B ) assigns to the vertex operator V a (z) 
the semi classical dimensions a (1/6 — a) = 77 (1 — r])/b 2 [HE]- 

For the one point function, we have a single heavy charge 771 = rj, which can be placed in 
z\ = 0, and the explicit solution of the Liouville equation is (p B = <p c i, given by jT^ 



1 (1 - 2n) 2 , . 

e <P* = J. U _ ( 10 ) 

Txyti 1 [(zz) r i - (zz) 1 -^] 
Local finiteness of the area around the source in the metric e Vcl d 2 z imposes 77 < 1/2 

Emm. 

The classical action (jSJ) computed on this background gives the semiclassical one point 
function 

(V v/b (0)) sc = expj-p (r / log[vr6 2 / i]+2r/ + (l-2r ? )log(l-2r / ))| . (11) 

To go beyond this approximation, we need to find the Green function on the background 
field given by (fTU|) and, to do this, we employ the method developed in ^2]- Thus, we 
compute the classical background in presence of the charge rj in z\ = and of another 
charge e in z 2 — t G A and real by applying first order perturbation theory in e to the 
fuchsian equation associated to the Liouville equation, i.e. 

f^L+Q( z ) Yj = j = 1,2 (12) 

where Q(z) = b 2 T(z), being T(z) the holomorphic component of the classical energy 
momentum tensor of the classical field <p B . To first order perturbation theory in e, one 
writes Yj = yj + e 5yj and Q = Q Q + eq, where the unperturbed quantities are Qo(z) = 
77(1 — rj)/z 2 , yi(z) = z v and yi{z) = z 1 ^ 71 . 

We impose now the Cardy condition J3| and the regularity condition at infinity on the 
classical energy momentum tensor. One can express them more easily in the upper half 
plane HI = { £ G C ; Im(£) > 0} representation (related to the unit disk representation 
through the Cayley transformation z = (£ — £)/(£ + i)), where they read Q{£) = Q(C) 
and £ 4 Q(£) ~ 0(1) when £ — > 00, respectively. 

In the H representation, we have that Qo{0 = ^viv ~ l)/(£ 2 + I) 2 an d 

~fj-\ 1 1 Pi Pi Pit Pir 
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where $ and /3j T are the Poincare accessory parameters and it = i(l + t)/(l — t) is the 
image of z<i = t through the Cayley transformation. 

The regularity condition at infinity gives the relations Re(/3j) = Re(/3j T ) = and Im(/3j) = 
2 — rIm(/3j T ) = /3, leaving only the parameter (3 undetermined. Its value is fixed by 
imposing the monodromy condition of the classical field at and it. The result is 

Writing the classical field in presence of two sources of charges rj and e as an expansion 
up to the first order in e, i.e. 

<p 2 (z) = <p d (z)+eiP(z,t)+0(e 2 ) (15) 

one finds that this analysis leads to the following expression for tp(z,t) 

i>(z,t) = — { ( + y 2 m ){li2 + Iia + 2 h ) (16) 

{ym - 2/22/2) L 

- ym hi - ym hi - ym hi - ym I22 } 

where W\2 = yiy'2 ~ y'm = 1 — 2r/ is the constant wronskian, 

hj{z) = / y i {x)y j (x)q(x)dx (17) 



Jo 

and ho is a free real parameter which cannot be determined through monodromy argu- 
ments because it is the coefficient of a solution of the homogeneous equation. It is fixed 
by requiring the vanishing of ip(z,t) at infinity, i.e. when \z\ — > 1, in order to respect the 
boundary condition (JHJ). The result is 

1/14- f 2 (1-277) 

h = - logt 2 ^ 2 ") + 2 

Given the expansion (JT5Jl and the Liouville equation for <pi{z), it is easy to see that 
the Green function on the background (f c i(z) given by <fT0|> is g(z,t) = ip(z,t)/4. By 
exploiting the invariance under rotation, we can write our result for a generic complex 
t e A. The final expression of the exact Green function in the explicit symmetric form is 

g(z,t) = -^—^ hgu(z,t) 19 

2 \-{zzf-^ l-(tt) 1 - 2 '? I-277 

1 1 



(zt) 1 - 2 *' (B z/t (2 V , 0)- B z t(2 V , 0) 
+ (zt) 1 - 2 " (S V ,(277, ) -B 1/(2t -)(277, 0)) +c.c. J 
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where w(z,t) is the SU(1, 1) invariant ratio 

(z — t)(z — t) , 

u(z,t) = — — — 20 

(l-zt)(l-zt) 

and B x (a, 0) is a particular case of the incomplete Beta function B x (a, b) [T4*j 

B x (a,0) = —F(a,l\ a + 1; x) = / f ^=5^——. (21) 

From the expression (|19jh one can verify that g(z,t) = 0((1 — zz) 2 ) when |z| — > 1 |15j . 
Moreover, in the limit 77 — > 0, we recover the propagator g(z, t) on the pseudosphere with- 
out sources given in fHft. IT], which has the same boundary behavior at infinity and which 
has been used to perform the previous perturbative checks of the bootstrap formula for 
the one point function [HHHE!- 

A related function playing a crucial role in the following is the Green function at coincident 
points regularized according to the ZZ procedure [JJ, i.e. 

g(z,z) = Jim {<?(M) + ~ log|z-t| 2 j . (22) 

From we find 

g (z, z ) = I i^f^ ) log(l-zz) — 1 + {Z " ]1 ~ 2V (23) 
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where 7^ is the Euler constant and i/)(x) = T'(x)/T(x). When |z| — > 1, g(z,z) diverges 
logarithmically. 

The O(b ) quantum correction to the N point function is given by the quantum determi- 
nant Det D = Det D(r)i, Z\\ . . . ; r/ N , z^) 



(BetD)- 1/2 = Jv[ X ] exp|-i J^ x (-ld z d s + ^b 2 e^ X d 2 z} 



(24) 



where ip B is the classical background field solving the Liouville equation with N sources. 
The quantum determinant can be computed by taking the logarithmic derivative w.r.t. 
rjj, with j = 1, . . . , N, and then integrating back. The key formula is 

d , . „x-i/2 _ .0 f , , de^ 



drjj 



log ( Det D) 1 = -2/2b 2 / g(z,z) — - d 2 z Vj = l,...,N (25) 

*/ A a Vj 
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which is a convergent integral. From this expression, the transformation laws Q and 
g(z,z) — ► g(w,w) = g(z,z)+ - log 

we can see that the semiclassical dimensions of the vertex operators V a (z) get corrected to 
A a = a(l/b + b — a), which are the quantum dimensions obtained from the hamiltonian 
approach on the sphere |S]. It is also possible to prove that higher orders corrections do 
not change these dimensions j!5j . 



dw 
dz 



(26) 



In the case of the one point function, the expression (|23|) can be explicitly computed and 
the result is 

— log(DetD(r7,0))- 1/2 = 2 1e + 2^(1 - 2 V ) + ^—^ . (27) 



Integrating back in r] with the initial condition given in pQ, i.e. ( Det D(rj, 0) ) 
we find 



-1/2 



= 1, 
»7 = 



Q 

log ( Det D(r], 0) )~ 1/2 = 2 lE rj - lo g r(l -2-q)-- log(l - 2 V ) . (28) 
Putting this result together with the classical contribution (fTTj) . we have 

\og(V v/b (0)) = -1 (rj log [rrb 2 fx] +2 V + (I -2 V ) log(l - 2rj) ) 

+ ( 2 lE V - log T(l - 277) - ~ log(l - 277) ) + 0(6 2 ) (29) 

to all orders in rj. 

We can compare ()29|) with the result obtained by ZZ within the bootstrap approach pp. 
Conformal invariance imposes the following structure for the one point function 

(VJzi)) = - / tn ; (30) 

where U(a) is the one point structure constant. U(a) has been determined through the 
bootstrap method pQ and the result for the basic vacuum is 

ff (.) = M«) = W)) r( W -2 a) 6)r( W -2 )/ 6 ) W -2 a ) (31) 

where ~i{x) = T(x)/ T(l — x). 

Our result ()29|) agrees with the expansion in b 2 of U(r]/b). We stress that ()29|) corresponds 
to the summation of an infinite class of graphs of the usual perturbative expansion PJE||2]. 
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The technique developed above can be applied to compute the two point function with 
one arbitrary heavy charge r] and another heavy charge e 

(V v/b (0)V e/b (t)) (32) 

up to the order 0(e) and O(b ) included, but to all orders in rj and t. 
First we observe that it is more convenient to work with the following ratio 

"* #(a,0 '" )= (W0))( W )) (33) 

where u(z,t) is the SU(1, 1) invariant ratio (j2*Uj) . Then, the two point function up to the 
orders 0(e) and 0(b°) is given by 

(V v/b (0)V £/b (t)) = e- s ^°^(DetD( V ,0)y 1/2 x (34) 

x ^1 - 8fib 2 e J g(z,t)e^ l(z) g(z,z)d 2 z +0(e 2 )^j (l + 0(6 2 )) 

where Sa(r], 0; e, t) is the classical action (JBJ) with N = 2 evaluated on the classical field 
ipi(z), given in (fT5|). which describes the pseudosphere with a curvature singularity of 
charge 77 in 2^ = and another curvature singularity of charge e in z 2 = t, up to 0(e 2 ). 
For the logarithm of the ratio (j33)L we find 

108 (Moixwo) = pl^W-^WI.-} (35) 

-8^6 2 £ I / c/(2,t)e^ i(2) c/(z,z)rf 2 ^ - / g(z,t)e^ w U = og(2,2)rf 2 2 



It is possible to show that the r.h.s. of (|35|) is invariant under SU(1, 1) transformations, 
as expected, and both the integrals occurring in (|33j) can be explicitly computed. The 
final result is 

, (V v/b (z)V £/b (t)) : J (uP-n 1 -*) 3 , 1 



+ £ < ^(2-2 V ,0) + ^2-2 V ) + lE + w ^- ) (36) 

+ ^ 2(1 - 2r?) [b u {^ 0) + ij(2 V ) + lE + 2{1 3 _ 27]) -logu^j 

+ 2^ 2 ^log(l-^)- Y^q) ) + 2 1og(l-^) - 3 
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where uj = u(z, t) is given by (J30J). 

This expression satisfy the cluster property [I], i.e. g^/b^/bi^) — ► 1 when to — > 1. 
Setting «i = 77/6 and a 2 = e/fe, we have checked that agrees with the standard 
perturbative expansion up to 0(a\a 2 b 2 ) included |Zj. A second check consists in the 
comparison of (f3T)J) with the degenerate two point function with a\ = —1/(26), i.e. t] = 
— 1/2, and a 2 = e/b. In this case the ratio (JHHj) is explicitly known [T| |2~1 IT7] 

9-i/(2b), e /b(u) = co^ 2 F 1 (l + l/b 2 , 2e/b 2 ;2 + 2/b 2 ; 1-lu) (37) 

and we find that the expansion of the logarithm of (|37|) up to 0(e) and 0(b°) included 
reproduces (J36|) computed for = —1/2. 

In , ZZ gave the ratio (|3*3|) in terms of a conformal block with null intermediate dimen- 
sion as follows 

g ai ,*M = (l-^) 2Aai W ai ^ ;iQ/2,l-u) . (38) 

\ai a 2 J 

According to this statement, (|3fjjl provides an expansion up to 0(e) and 0(6°), but to all 

orders in r) and u, of the conformal block (J3~H|) with at\ = rj/b and a 2 = e/b. 

An extension of the described technique to boundary Liouville field theory [2 is underway 
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